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Abstract In [14] Ozden-Simsek-Cangul constructed generating functions of higher-order 
twisted (h, <j)-extension of Euler polynomials and numbers, by using p-adic g-deformed fermionic 
integral on Z p . By applying their generating functions, they derived the complete sums of 
products of the twisted (h, <j)-extension of Euler polynomials and numbers, see[13, 14]. In this 
' paper we cosider the new q-extension of Euler numbers and polynomials to be different which 

C ~ ) , is treated by Ozden-Simsek-Cangul. From our g-Euler numbers and polynomials we derive 

some interesting identities and we construct g-Euler zeta functions which interpolate the new 
g-Euler numbers and polynomials at a negative integer. Furthermore we study Barnes' type 
g-Euler zeta functions. Finally we will derive the new formula for " sums products of g-Euler 
numbers and polynomials" by using fermionic p-adic q-integral on TL V . 
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1. Introduction and notations 



Throughout this paper we use the following notations. By Z p we denote 
the ring of p-adic rational integers, Q denotes the field of rational numbers, Q p 
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denotes the field of p-adic rational numbers, C denotes the complex number 
field, and C p denotes the completion of algebraic closure of Q p . Let v p be the 
normalized exponential valuation of C p with \p\ p = p~ v p(p"> = When one 
talks of g-extension, q is considered in many ways such as an indeterminate, a 
complex number q £ C, or p-adic number q £ C p . If q £ C one normally assume 
that \q\ < 1. If q £ C p , we normally assume that \q — l\ p < p~~ so that 
q x = exp(cclogg) for |ar| p < 1. In this paper we use the following notation: 

[x] q = [x:q] = cf. [1, 2, 3, 4, 5, 21] . 

Hence, lim g ^i[a;] = x for any x with \x\ p < 1 in the present p-adic case. Let d 
be a fixed integer and let p be a fixed prime number. For any positive integer 
TV, we set 

X = lim(Z/ dp N Z), 

N 

X* = (J (a + dpZ p ), 

0<a<dp 
(a,p) = l 

a + dp N Z p = {x E X | x = a (mod dp N )}, 
where a £ Z lies in < a < dp N . For any positive integer N, 

q a 

fi q (a + dp N Z p ) = j-j-^j- 

is known to be a distribution on X, cf.[l-19]. From this distribution we derive 
the p-adic q-integral on Z p as follows: 

r i pN -' 

/ f(x)d N (x) = Jim V g"/(a;), where / G UD(Z p ) , see [1-22] . 

Higher-order twisted Bernoulli and Euler numbers and polynomials are studied 
by many authors ( see for detail [1-20]). In [14] Ozden-Simsek-Cangul con- 
structed generating functions of higher-order twisted (h, g)-extension of Euler 
polynomials and numbers, by using p-adic g-deformed fermionic integral on 7L p . 
By applying their generating functions, they derived the complete sums of prod- 
ucts of the twisted (h, g)-extension of Euler polynomials and numbers, see[13, 
14] . In this paper we cosider the new (/-extension of Euler numbers and poly- 
nomials to be different which is treated by Ozden-Simsek-Cangul. From our 
(/-Euler numbers and polynomials we derive some interesting identities and we 
construct g-Euler zeta functions which interpolate the new g-Euler numbers and 
polynomials at a negative integer. Furthermore we study Barnes' type q-Euler 
zeta functions. Finally we will derive the new formula for " sums products of 
(/-Euler numbers and polynomials" by using fermionic p-adic (/-integral on Z p . 

2. q- Extension of Euler numbers 
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In this section we assume that 5 e C with \q\ < 1. Now we consider the 
^-Extension of Euler polynomials as follows: 

F q (x,t) = -^e* = f^^*@-r, \t + lo gq \<n. (2.1) 

Note that 

hmF 9 (M) = F( X ,t) = = £ ^V. 

n=0 

In the special case x = the q-Euler polynomial E nq (0) = E nq will be called 
g-Euler numbers. It is easy to see that F q (x,t) is analytic function in C. Hence 
we have 

En,q(x) _ [2] q t _ . . V^/ i\n n (n+x)t 



E f ^*" - drx7 eXt - [2],E(- i)Ve<**->*. ( 2 - 2 ) 

n=0 g + n=0 

If we take the k— th derivative at i = on bosidcs in (2.2), then we have 

00 

E k , q (x) = [2], ^(-1)» + x) fe . (2.3) 



n=0 

From (2.3) we can define g-zeta function which interpolating g-Euler numbers 
at negative integer as follows: 
For s e C, we define 

n=0 1 ' 

Note that ( q (s,x) is analytic in complex s-planc. If we take s = —k(k 6 
then we have ( q (—k,x) = Ek, q (x). 

By (2.3) and (2.4), we obtain the following: 

Theorem 1. For fc e Z + , we have 

00 

E ktq {x) = [2] q 1 £{-l) n q n (n + x) k . 

Let F,(0, t) = F q (t). Then we see that 

[2] q Y(-l) k q k e kt = -A- - [2L ( ~ 1)ng "f nt 

^ l + «e* L J9 1 + ge* (2.5) 

= F,(t) -(-!)"«(«, *)• 

From (2.5), we derive 

00 / n— 1 \ j-A; 00 +fc 

E TO* E^ 1 )'^ w = E ( E "« (-l) n <l n E k , g (n)) Tj- (2.6) 

fc=0 V fe=0 / ' fe=0 
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By comparing the coefficients on both sides in (2.6), we obtain the following: 
Theorem 2. Let n e N, k e Z+. If n = (mod 2), then we have 



E kiq -q n E ktq {n) = [2] q ^2(-l)Wl 



n-l 

k 



k=0 

If n = 1 (mod 2), then we have 

n-l 



E k , q + q n E ks (n) = [2], ]T(-l)V/ fc . 



k=0 



For wi,W2,--- , w r G C, we consider the multiple g-Euler polynomials of 
Barnes type as follows: 



[2] r e xt 

F^( Wl ,W 2 , ..., Wr \x,t)= t - " + t - 

t n ( 2 - 7 ) 

= 7 E n _ q (wi, w r |x)— -, where max |wjt + logq < 7r 

^— ' ' n! Ki<r 

n=0 

For x = 0, E n t q(w\, ■ ■ ■ , w r \0) — E n ^ q (w\, - ■ ■ ,w r ) will be called the multiple 
g-Euler numbers of Barnes type. It is easy to see that F q (w\,W2, ■ ■ ■ ,w r \x,t) 
is analytic function in the given region. From (2.7) we derive 

oo oo n 

K E (-^-"^^"^^^E^K,--- ,wr\x)- v (2.8) 

ni,--- .n r —0 n—0 

By the k-th differentiation on both sides in (2.8), we see that 

oo / r \ " 

[% E E n ^ + ' T =E k , q (w lr -- ,w r \x). (2.9) 

ni,---,n r — \«— 1 / 

From (2.8), we can derive the following Barnes' type multiple q-Euler zeta func- 
tion as follows: 

For s e C, define 

(— l)" 1 ^ ^"r^niH \-n r 

C,r,q{wi, W 2 , ■ ■ ■ ,W r \s,x) = V ■ ■ ■ ■ —.(2.10) 

n (niwi + n 2 w 2 H h n r w r + x) s 

By (2.9) and (2.10), we obtain the following: 

Theorem 3. For k e Z + ,w\,W2, ■•■ , w r <E C, we have 

(r,q(w 1 ,W 2 , ■■■ ,W r \-k,x) = E k , q (w 1 ,W2, ' ' ' ,W r \x). 
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Let x be the primitive Drichlet character with conduct /(=odd) £ N. Then 
we consider a generalized Euler numbers attached to \ as follows: 



'-M-^S^P^ «,n, 

n=0 

where | log Q + 1 < j. The numbers E n ^ q will be called the generalized g-Euler 
numbers attached to %. From (2.11), we note that 

qfef* + l 

/-l oo 

= [2], ]T(-l)V X (a) ^ g ™/(-l)« e («+™/)* 

a=0 n=0 
oo f-1 

= [2]fl E E(- 1 ) a+ " / 9 a+ " / x(« + nf)e^ a+n ^ 

n=0 a=0 

oo oo y.n 

= [2] 9 ^(-l)VxHe n * = E £ "^^- 

n=0 n=0 

Thus, we have 



d k 



= [2] ? ^(-l)YxW» fc ,(^N). 
t=o n= i 



Therefore , we can define the Dirichlct's type Z-function which interpolates at 
negative integer as follows: 

For s £ C, we define l q (s, x) as 

^,x)=[2 ]g f: ( - l) " g ; x( " ) . (2.i3) 

n— 1 

By (2.12) and (2.13), we obtain the following: 
Theorem 4. For k £ Z + , we have 

lq(-k,x) = E k, X ,q- 

From (2.1) and the definition of g-Euler numbers, we derive 

[2]<j — +n — ™ l 



y n=0 1=0 

oo / m /x \ irn 

TYl\ „_, \ t 



E E^ 



m— \n— 



(2.14) 



, x ^ 1 J "I- 
n / ml 



5 



By (2.14) we see that 

En,M=Y J E m J n \x- 

m=0 

For / (=odd) e N, we note that 
V F [2], 



(2.15) 



n=0 



'n! ge* + l 



9 e*' 



[2] 



[2]„/ 



[2] 



/-i 

a=0 

/-I 

£(-i)V 

' J a=0 
/-I 



a + x 
(—?—)/* 



/ (,—f-)ft \ 

[2] g /e / 



V 



[2] / 



g/e/* + 1 

a + x\ f n t n 



J 



f ) n 



>1 a=0 n=0 

Thus, we have the distribution relation for g-Euler polynomials as follows: 
Theorem 5. For /(=odd) G N, we have 



[2\ q f 



a + x 



f 



J 9 J a=0 

For k, n e N with n = 0(mod 2), it is easy to see that 

n-l 

[2] 9 52{-l) l -Wl k = q n E k , q (n) - E k , q 

1=0 

= 9"E (mV"™^ ~ Ek " = qU £ (m) Ero,gnfe " m + (<f ~ 1)Sfe '"- 



m— x 7 m— 

Therefore, we obtain the following 

Theorem 6. For fc,nGN with n = 0(mod 2), we have 



71 — 1 fe — 1 s , v 

i=0 m=0 ^ 



, g n fe " m + (?"-l)^ >9 - 



G 



3. Witt's type formulae on 7L V in £>-adic number 

field 

In this section we assume that q e C p with |1 — q\ p < 1. g is a uniformly 
diffcrentiable function at a point a G Z p , and write g £ UD(Z p ), if the difference 
quotient 

has a limit /'(a) as (x,y) — ► (a, a). For g G UD(Z p ), an invariant p-adic g- 
integral is defined as 

/■ 1 ^ 

^(.9) = / g(x)dfi q (x) = krn^-r-^- 9{x)q x . 

The fermionic p-adic g-integral is also defined as 

p n -l 

I-M = I 9(xW- g (x) = lim -j?^ ^ g{x){-lfq x , see [4] . (3.1) 
Jz p 1 + qP ^ 

From (3.1), we have the integral equation as follows: 

ql- q {gi) + I- q (g) = [2],/(0), where 3l (x) = g(x + 1). (3.2) 
If we take f(x) = e tx , then we have 

I q (e tx ) = ! e xt d„- q (x) = -A--. (3.3) 

From (3.3), we note that 

°° r j-n fol °° in 

£ / = 4x7 = E^A- 



„ = Q^ip 1 n = Q 

By comparing the coefficient on the both sides, we see that 



/ i"d/j_,(i) = £„ :) ,n6Z + . 
By the same method we see that 

Hence, we have the formula of Witt's type for g-Euler polynomial as follows: 
/ (x + y) n dn- q (x) = E n ^ q ,n G Z+. 



(3.4) 
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For n £ Z + , let g n (x) — g(x + n). Then we have 

n-l 

q n I- q (g n ) + (-l) n - 1 I- q (g) = m q J2(- 1 ) n ~ 1 ~ l< l l 9( 1 )- ( 3 - 5 ) 

1=0 

If n is odd positive integer, then we have 

q n I- q (g n ) + I- q (g) = [2} q ^(-l)Vfl(O- (3-6) 



(=0 



Let x be the primitive Drichlet character with conduct /(=odd) £ N and 
let g(x) = x(x)e a:t . From (3.3) we derive 

j ( ., x)(ft) _ [2].E^(-l)Vx(a)e a « _ f. £ ^ 
i-g{X{X)e )- nfeft + 1 ~ 2-^ n ' x ' q n\' 

n— 

Thus, we have the Witt's formula for generalized g-Euler numbers attached to 
X as follows: 

/ x(x)x n dfj,- g (x) = E n>Xig , n > 0. 



4. Higher order g-Euler numbers and 
polynomials 

In this section we also assume that q £ C p with 1 — q\ p < 1. Now we 
study on higher order g-Eulcr numbers and polynomials and sums of products 
of g-Euler numbers. First, we try to consider the multivariate fcrmionic p-adic 
g-integral on Z p as follows: 

/"•■■/ e( aiXl+a2X2+ - +arXr)t e xt dv- q {x 1 )---dv- q {x r ) 



r times 



(4.1) 



_ e xt 



(qe a ^ + l)(qe a ^ + 1) • • • ( g e a -* + 1) ' 

where a\, a.2, ■ ■ ■ , a r £ Z p . 

From (4.1) we consider the multiple g-Euler polynomials as follows: 

[2] r 00 f™ 

( g e^ + l)( g e^+ g l)-( g e°-« + l) e " = § ^" ' a2 ' ' ' • ' ^ n\ • (42) 

In the special case (en, a,2, ■ ■ ■ , a r ) = (1, 1, • • • , 1), we write 

E nyq {a2__-ar}x) = E£> q (x). 
r times 
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For x = 0, the multiple g-Eulcr polynomials will be called as g-Euler numbers 
of order r. 

For (4.2) and (4.2) we note that 

E n , q (ai,a,2, ■ ■ ■ ,a r \x) = / •■■/ (a\Xi H h a r x r + x) n dfi- q (x r ). 

J lip J Z p 1 = 1 

S v ' J 

r times 

It is easy to check that 

E n ,q(ai,a,2, ■ ■ ■ ,a r \x) = ^ (^Jx n ~ l Ei, q (a 1 ,a 2 , ■ ■ ■ ,a r ), 

where E n ^ q (ai,a 2 , ••• , a r ) = E n ^ q (ai,a 2 , •• • ,a r \0). Multinomial theorem is well 
known as follows: 



i,-,I P >0 K l ' ' rJ o=l 



\i =1 

lH Vl r =n 

where 

7 l 



• • • , l r J l\\l 2 \ ■ • ■ l r \ 
By (4.2) and (4.3) we easily see that 



2iH yl r —ra 
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